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Introduction
Bacterial growth

e Bacteria are unicellular organisms naturally
geared towards growth.

e [or biotechnological applications, one
would like to change the natural resource
allocation strategies of the cell.

de Jong et al. (2017), Trends Microbiol., 25(6):480-93 StEwalt et 6l (2005). FLoS BloL.3(2); 645

Tools used:

e

-

e Simple self-replicator model of resource allocation 5

o
e Dynamical systems analysis ~ B e
e Optimization, (Optimal control theory) e e



Model definition
Metabolite production in continuous bioreactors

The system is described by the following reactions:
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S: Incoming nutrient
P: Precursor metabolites
R: Gene expression machinery Giordano, Nils, et al. Dynamical allocation of cellular resources as an optimal control problem:
M: Metabolic machinery novel insights into microbial growth strategies. PLoS computational biology 12.3 (2016).
X: Metabolite of interest Yegoroy, lvan, et al. Optimal control of bacterial growth for the maximization of metabolite

production. Journal of mathematical biology 78.4 (2019): 985-1032.




Model definition
Metabolite production in continuous bioreactors

The system is described by the following reactions:
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Precursor metabolites
Gene expression machinery Giordano, Nils, et al. Dynamical allocation of cellular resources as an optimal control problem:

Metabolic machinery novel insights into microbial growth strategies. PLoS computational biology 12.3 (2016).

. . Yegoroy, lvan, et al. Optimal control of bacterial growth for the maximization of metabolite
Metabolite of interest 9 P g

production. Journal of mathematical biology 78.4 (2019): 985-1032.
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Model definition
Metabolite production in continuous bioreactors

The system is described by the following reactions:

F F
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P=Vy—-Vg—Vx —Vp,.,,
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{ M = (1 _U)VR - VMout’
R — ’U,VR — VRout7 ;)
L X = VX - VXout7 Vext [L]
. . e
S. Incoming nutrient Aggregated input, ‘ |
P: Precursor metabolites u(t) _ I(t) a(t),
R: Gene expression machinery
M:  Metabolic machinery a(t) : natural allocation strategy
X Metabolite of interest I(t): external control
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Model definition
Express in terms of concentrations

Cytoplasmic density of the cells in the population is
constant, with 8> 0 [L g‘l} as the inverse density.

alb

F=0

which allows to express mass quantities per unit population

volume,
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Model definition
Metabolite production in continuous bioreactors

p=vm(s,m) —vr(p,7) — vx(p,m) — u(p,r)p,
7= 'LL'UR(p, fr) — ,Ll(p, T)Ta
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T = UX(pa m)vv - DSE,

- Incoming nutrient

Precursor metabolites
Gene expression machinery
Metabolic machinery

Metabolite of interest

V = (u(p,r) — D)V,
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where the dilution rate is D = [h~Y] and p(p,r) = Bor(p,r).




Model definition

Metabolite production in continuous bioreactors

vy(s,m) = ky mKMs+ -
Ve(p,r) = kgr ¥ ;
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vx(p,m) = kxm
X

where the dilution rateis D =

=ky(l-=r)
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(1] and u(p,7) = Bur(p, 7).
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Model definition

Metabolite production in continuous bioreactors

vewt

V = (u(p,r) — D)V,
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where the dilution rateis D =
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Asymptotic behavior
Mass conservation laws

Rearranging the system,

{ 90 — Nv'i — Up ,U'(p7 7’) +D (Sinvin = 'Uo'u,t) ;
V= (N’(pa T) o D)V7

with

4 0 0 ’UM(S,l —7‘)

1l =1 =l v; = [ vr(p,T) ] ;
N=|[0 u 0], vx(p,1—r)

0 1—u O

0 0 Vv v, = diag() [0,1,1,1,0]7,

Vin = [1,0,0,0,017, vy = diag(p) [1,0,0,0,1]7.
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Asymptotic behavior
Mass conservation laws

Rearranging the system,

{ (P — Nv'i — Up ,U'(p7 7’) +D (Sinvin = 'Uo'u,t) ;

V= (:U’(pa T) o D)Va

with

—V 0 0 ’UM(S,l —7’)
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0 0 Vv v, = diag() [0,1,1,1,0]7,

Vin = [1,0,0,0,017, vy = diag(p) [1,0,0,0,1]7.

s N
Lemma 3.4. The w-limit set of any solution of system Sy
lies in the hyperplanes

Q1 = {(S,p,’r,m,V) €R5 . S+(p+1)V+a:=sm},

Oy = {(s,p,r,x,V) eR®: s+ <p+%)V+a:=sm}.
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Asymptotic behavior
Mass conservation laws

Rearranging the system,

{ (P — Nv'i — Up ,U'(p7 7’) +D (Sinvin = 'Uo'u,t) ;
V= (:u’(pa T) o D)V7

with

—V 0 0 ’UM(S, 1-— r)
1 -1 -1 (% = UR(p) T’) ’
N=|0 u 0], vx(p,1—7)
0 1—u O
o 0 Vv v, = diag(p) [0,1,1,1,0]7,
Vin =[1,0,0,0,0]",  woys = diag(p) [1,0,0,0,1]%.
s N
Lemma 3.4. The w-limit set of any solution of system Sy
lies in the hyperplanes r=1u
Q= {(s,p,r,2,V) ER® : s+ (p+ 1) V+2z =15}, A T = Sin —s— (p+1)V
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Asymptotic behavior
Limiting system

Which reduces the model to

.

$=D(sin — ) —oa(s)V,

S1: 9 p=7ou(s) —ox(p) — A(P)(p+ 1),

p
V = (i(p) — D)V,

\

(where the bars on top of the functions denote new functions that
do not depend on r and m)
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Asymptotic behavior
Limiting system

Which reduces the model to

Slt<

(where the bars on top of the functions denote new functions that
do not depend on r and m)

,

\

Assumption 2.2. For r € (0,1), the metabolite production rate vx(p,1 — r) can be
expressed in terms of macromolecule synthesis rate vg(p,r) as,

vx(p, 1 —7) = c(r)vr(p,7),

being c(r) : (0,1) = R a positive continuously differentiable function.

\




Asymptotic behavior
Limiting system

Which reduces the model to

Slt<

(where the bars on top of the functions denote new functions that
do not depend on r and m)

,

\

$ = D(8in — 8) — 0p(s)V,

Assumption 2.2. For r € (0,1), the metabolite production rate vx(p,1 — r) can be
expressed in terms of macromolecule synthesis rate vg(p,r) as,

vx(p, 1 —7) = c(r)vr(p,7),

being c(r) : (0,1) = R a positive continuously differentiable function.
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Asymptotic behavior

Local stability

e The interior equilibrium E; = (s;, p;, V;), with

pi:{peR" : a(p) = D},
85 {S eR" : Vyu(s) = f(Pi)} ;
D(sin — si)
e —————,
Vum(si)

with f(p) = 0r(p) + vx (p) + A(p)p

e The washout equilibrium E,, = (s, pw, 0), with

DPw : {P eR" : f(p) = \_’M(Sin)}-
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Asymptotic behavior

Local stability

e The interior equilibrium E; = (s;, p;, V;), with

pi:{p €R" : ji(p) = D},
sit{s €RT 1 Bu(s) = flpn)}.
D(Sin - Si)
Py BT
Vm(si)

with f(p) = 0r(p) + vx (p) + A(p)p

e The washout equilibrium E,, = (s, pw,0), with

DPw : {P eR" : f(p) = \_’M(Sin)}-

/

o If fi(pw) > D:

- FE; exists and is locally stable

- E,, exists and is locally unstable
o If i(pw) < D:

- F; does not exist

- F,, exists and is locally stable

J




Asymptotic behavior

Global stability

Lemma 3. The w-limit set of any solution of the limiting system S| lies in the hyperplane

Q={(s.p.V)ER : s+ (p+i+ DV =5,

L2
L
Lh

Limiting system in two dimensions

p = (sC) = @(p)(p +c + 1), ' |

sy
V = (u(p) - D)V.




Asymptotic behavior

Global stability

—— Nullcline p
® &
® E,

p=m(s() = a(p)p +¢+ 1),
V = (a(p) - DYV.
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Asymptotic behavior

Global stability

p=vu(s())—pa(p)p+c+1l),

87 .
YV = (a(p) — D)V.

Result on the full system with asymptotically autonomous
systems theory

Theorem 2. Every solution of system S | with initial conditions (2.9) converges to,

e The extended interior equilibrium E; = (s;, pi, i, x;, V;) if it exists, being x; = cV..
e The extended washout equilibrium E, = (s;,, P, i1, 0,0) if E; does not exist.

where the condition for the existence of the extended interior equilibrium is jg(p,,) > D.




Static maximization problem
Biomass and metabolite production

The static biomass maximization problem (BMP) can be
written as

mazimize Jyv(u.D) = DV
(BMP) : < subject to dynamics at equilibrium
and 0 <u <1.

Analogously, the product maximization problem can be
defined as

mazimize Jp(u,D) = Dx
(PMP) : < subject to dynamics at equilibrium
and 0<u<l.
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Static maximization problem
Optimization results

1.0 — 0.46 1.0 — 0.07
- 0.40 - 0.06
5 0.8 5 0.8
5 F0.33  § - 0.05
] v
g 0.6 L 026 g 06 L 0.04
© ©
e C
S 0.4 0.20 S04 0.03
S S
o 0.13 S 0.02
5 02 — Umax(D) 007 " 02 e Umax(D) . 001
@ Global maximum @ Global maximum
O-O L\l T |l T T 0-00 0.0 T T T T T 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Dilution rate of the bioreactor D Dilution rate of the bioreactor D
(a) Biomass maximization problem (b) Product maximization problem

Figure 3: Numerical results for the steady-state production problems. The values for the objective
functions are represented through a qualitative colormap. Curves w,,,(D) show the optimal allocation
u in terms of the dilution rate D.
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Static maximization problem
Optimization results
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Fig. 4. Numerical results for both static problems.




Dynamic maximization problem
Optimal control

T
maximize J (1) = D Vex f x(1)dt
0

(OCP) : 1

subject to dynamics of S,

u(-) € U.

see the paper

YABO, Agustin Gabriel, CAILLAU, Jean-Baptiste, et GOUZE, Jean-Luc. Optimal bacterial resource
allocation: metabolite production in continuous bioreactors. Mathematical Biosciences and
Engineering, 2020, vol. 17, no 6, p. 7074-7100.



Dynamic maximization problem

Optimal control
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Conclusion

e Studied reallocation of cellular resources via external control in continuous
bioreactors.

e Compared steady-state optimal strategies for:

o Natural biomass maximization

o Atrtificial metabolite production maximization

e Explored the underlying trade-offs involved in synthesizing metabolites.

e optimal control...
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