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Introduction
On this lesson we present some of the most basic results in the theory of oscillations of linear delay

differential equations with constant and variable coefficients and with constant delays.

Consider the linear delay differential equation

ᇱ
௞ ௞

௡

௞ୀଵ

where:

 ௞ ଴

 ௞
ା

ଵ ଶ ௡



Introduction
A solution of the equation

ᇱ
௞ ௞

௡

௞ୀଵ

is a continuous function ଵ
ଵ for some ଵ ଴ that verify the equation.

Let an initial point ଵ and an initial function ଵ
ଵ ଵ .

Then there exist an unique solution on ଵ such that

for    ଵ ଵ

The function is said oscillatory if has arbitrary number of large zeros.

Otherwise is called non-oscillatory.



Introduction

Oscillatory

If all solutions od the equation are oscillatory the equation is oscillatory

Non-oscillatory

If the equation has at least one non-oscillatory solution then the equation is non-oscillatoy



Oscillatory conditions
Consider the linear delay differential equation

ᇱ
௞ ௞

௡

௞ୀଵ

Assume ఒ௧ as a solution of the equation. 

Then 

ఒ௧
௜

ఒ ௧ିఛೖ

௡

௞ୀଵ

ఒ௧
௜

ఒ௧

௡

௞ୀଵ

ିఒఛೖ

௜

௡

௞ୀଵ

ିఒఛೖ Characteristic solution



Oscillatory conditions
Theorem 1

 ௜

 ௜
ା

Then every solutions of

ᇱ
௞ ௞

௡

௞ୀଵ

oscillate if and only if the characteristic equation 

௞

௡

௞ୀଵ

ିఒఛೖ

has no real roots.



Oscillatory conditions
Proof (draft):

It is evident that if every solutions of 

ᇱ
௜ ௜

௡

௜ୀଵ

oscillate then the characteristic equation 

௜

௡

௜ୀଵ

ିఒఛ೔

has no real roots.

Notice that if the characteristic equation has a real root then ఒ௧ is a non-oscillatory solution



Oscillatory conditions
Proof (draft):

Let us to proof that if characteristic equation 

௜

௡

௜ୀଵ

ିఒఛ೔

has no real roots then every solutions of 

ᇱ
௜ ௜

௡

௜ୀଵ

oscillate.

For a sake of contradiction we assume that the characteristic solution has no real roots and there exist a

positive solution 



Oscillatory conditions
Proof (draft):

It is possible to prove that there exist constants and such that

ఓ௧

So, the Laplace transform 

ି௦
ାஶ

଴

exist to .

So,
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Oscillatory conditions
Proof (draft):
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ିఒ ି௦௧
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௜
௡
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ିఛೖ

௜
௡
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ି௦ఛ೔

Positive

Positive

Negative



Oscillatory conditions
Theorem 2



 ା

Then every solutions of

ᇱ

oscillate if and only if



Oscillatory conditions
Proof (draft):

It is enough to prove that to show that is equivalent to the statement 

“the characteristic equation 
ିఒఛ

has no real root”.

Let 
ିఒఛ

Notice that we must have 

So



Oscillatory conditions
Theorem 3

 ௜
ା and ௜

ା

Then each of the following two conditions is sufficient for the oscillations of all solutions of equation

ᇱ
௞ ௞

௡

௞ୀଵ

a) 

௞
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௞ୀଵ

௞

b)

௜

௡

௞ୀଵ

ଵ
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Oscillatory conditions
Theorem 4

 ௜
ା and ௜

ା

Then 

௞

௡

௞ୀଵ
ଵஸ௞ஸ௡

௞

is a sufficient condition for the existence of a non-oscillatory solution of equation

And

௞

௡

௞ୀଵ
ଵஸ௞ஸ௡

௞

is a sufficient condition for the existence of a non-oscillatory solution of equation

ᇱ
௞ ௞

௡

௞ୀଵ



Generalized characteristic equation
Let

ᇱ
௞ ௞

௡

௞ୀଵ

where

 ௞ ଴

 ௞ ଴
ା

with the initial condition

ିଵ ଴

and ିଵ ଴ .

𝑡ିଵ = min
଴ஸ௞ஸ௡

inf
௧బஸ௧ஸ்

𝑡 − 𝜏௞ 𝑡  



Generalized characteristic equation
Theorem 5: The following statement are equivalent:

a) The solution of

ᇱ
௞ ௞

௡

௞ୀଵ

଴

ିଵ ଴

is positive on ଴

b) The generalised equation

௞
௞

଴

ି ∫ ఈ ௦ ௗ௦
೟

ಹೖ ೟

௡

௞ୀଵ

has a continuous solution on ଴

௞ ଴ ௞

௞ ଴ ௞



Comparison results
Let

ᇱ
௞ ௞

௡

௞ୀଵ

and

ᇱ
௞ ௞

௡

௞ୀଵ

ᇱ
௞ ௞

௡

௞ୀଵ

where:

 ௞ ௞ ௞ ௞ ଴



Comparison results
Theorem 6: If

 ௞ ௞ ௞

 and are continuous solutions such that
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 ଴ ଴ ଴
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Comparison results
Theorem 7: If

 ௞

 ିଵ ଴ such that

 ଴ ଴
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Linearized oscillation theory
Consider the non-linear delay differential equations

ᇱ
௞ ௞

௡

௞ୀଵ

where:

 ௞
ା

 ௞
ା

 ௞

 ௞

If

௨→଴

௙ೖ ௨

௨
and

௨→଴

௙ೖ ௨

௨

Then the equation

ᇱ
௞ ௞

௡

௞ୀଵ

is the linearized equation associated with

ᇱ
௞ ௞

௡

௞ୀଵ



Linearized oscillation theory
ᇱ ି௔ே ௧ିఛ

ᇱ ∗ ି௫ ௧ିఛ ି௫ ௧ିఛ

ᇱ

ᇱ

∗ ଵ

௔

௉

ఋ
is the equilibrium point

∗

∗ ି௫ ௧ିఛ
ି௫ ௧ିఛ

௧→ାஶ
ିఒ

is the characteristic equation



Linearized oscillation theory
ᇱ ᇱ

ᇱ
௫ ௧ିఛ

௫ ௧ିఛ

ᇱ

Generalization ௫ ௧

ᇱ

Every positive solutions 

of generalized logistic 

equation oscillate about 

the steady state if and 

only if 



Linearized oscillation theory
ᇱ ିఊே ௧ିఛ

ᇱ ∗ ି௫ ௧ିఛ

oscillate about if and only if 

oscillate about zero

∗ ିఊே∗

∗

The solutions oscillate 

about ∗ if and only if 

the equation  

∗ ିఒఛ

has no real roots.



Difference equations
Consider the linear delay difference equation

௜ ௜

௠

௜ୀଵ

where:

 ௜
ା

 ௜ ଴

The characteristic equation

𝒊
ି𝒌𝒊

𝒎

𝒊ୀ𝟏



Difference equations

ᇱ
௞ ௞

௡

௞ୀଵ

௜ ௜

௠

௜ୀଵ

Theorem 8: Every solutions of the difference equation oscillate if and only if the characteristic equation

has no positive roots

𝒊
ି𝒌𝒊

𝒎

𝒊ୀ𝟏

𝒊

𝒏

𝒌ୀ𝟏

ି𝝀𝝉𝒌 ఒ௧

௡

ఒ௧ ఒ ௧ ௡



Difference equations
Theorem 9: Suppose that 

௜

௠

௜ୀଵ

௜
௞೔ାଵ

௜
௞೔

Then all solutions of 

௜ ௜

௠

௜ୀଵ

oscillates.

௜

௠

௜ୀଵ

௜
௞೔ାଵ

௜
௞೔

௜

௠

௜ୀଵ
௜

௞೔

௜



Linearized oscillation theory
Consider the non-linear difference equation

௜ ௜ ௜

௠
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where

 ௜
ା

 ௜ ଴

 ௜ and ௜

If

௨→଴

௙೔ ௨

௨
and

௨→଴

௙೔ ௨

௨

Then the equation

௜ ௜

௡

௞ୀଵ

is the linearized equation associated with

௜ ௜ ௜

௠

௜ୀଵ
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