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T h e  a i m  o f  t h i s  l e s s o n  i s  t o  s t u d y  o s c i l l a t o r y  a n d  
a s y m p t o t i c  b e h a v i o r  f o r  a  s c a l a r  l i n e a r  d i f f e r e n c e  
e q u a t i o n  o f  m i x e d  t y p e

 i s  t h e  d i f f e r e n c e  o p e r a t o r

 a r e  s e q u e n c e s  o f  r e a l  n u m b e r s





D i f f e r e n t i a l  e q u a t i o n s  w i t h  d e l a y e d  a n d  
a d v a n c e d  a r g u m e n t s  o c c u r  i n  m a n y  p r o b l e m s :

 E c o n o m y

 B i o l o g y

 P h y s i c s

p a s t e v e n t s p o t e n t i a l

f u t u r e  e v e n t s
DECISION



W h y  i s  t h i s  k i n d  o f  e q u a t i o n s  a  c h a l l e n g e ?

I t  i s  w e l l  k n o w n  t h a t  t h e  s o l u t i o n s  o f  t h e s e  t y p e s  

o f  e q u a t i o n s  c a n n o t  b e  o b t a i n e d  i n  c l o s e d - f o r m .  

I t  i s  n o t  q u i t e  c l e a r  h o w  t o  f o r m u l a t e  a n  i n i t i a l  

v a l u e  p r o b l e m  f o r  s u c h  e q u a t i o n s  a n d  t h e  

e x i s t e n c e  a n d  u n i q u e n e s s  o f  s o l u t i o n s  b e c o m e s  a  

c o m p l i c a t e d  i s s u e .  To  s t u d y  t h e  o s c i l l a t i o n  o f  

s o l u t i o n s  o f  d i f f e r e n t i a l  e q u a t i o n s ,  w e  n e e d  t o  

a s s u m e  t h a t  t h e r e  e x i s t s  a  s o l u t i o n  o f  s u c h  

e q u a t i o n s  o n  t h e  h a l f  l i n e .



The characteristic equation of the equation
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The difference equation is oscillatory if and only if the characteristic

equation has no positive roots.



Theorem 1:

 are nonnegative for all and 0.



Then all solutions of the difference equation 

are oscillatory.



Draft of the proof:

is eventually positive is decreasing



Draft of the proof (cont.):

On the other hand               



Draft of the proof (cont.):

Contradition



Corollary 1:

 are nonnegative for all and 0.

 There exist a such that

Then all solutions of the difference equation 

are oscillatory.



Corollary 2:

 are nonnegative for all and 0.



Then all solutions of the difference equation 

are oscillatory.



Corollary 3:

 are nonnegative for all and 0.



Then all solutions of the difference equation 

are oscillatory.



Corollary 4:

 are nonnegative for all and 0.



Then all solutions of the difference equation 

are oscillatory.



Example:

where:



 is a nonnegative sequence



Since

for , by the Theorem 1, we can conclude that equation is 
oscillatory.



Theorem 2:

 are nonpositive for all , and 0.



Then all solutions of the difference equation 

are oscillatory.



Corollary 1:

 are nonpositive for all and 0.

 There exist a such that

Then all solutions of the difference equation 

are oscillatory.



Corollary 2:

 are nonpositive for all and 0.



Then all solutions of the difference equation 

are oscillatory.



Corollary 3:

 are nonpositive for all and 0.



Then all solutions of the difference equation 

are oscillatory.



Corollary 4:

 are nonpositive for all and 0.



Then all solutions of the difference equation 

are oscillatory.



Example:

where:



 is a nonpositive sequence

Since

by the Theorem 2, we can conclude that equation is oscillatory.



Theorem 3:

 For each there exist the limit

 All roots ଵ ଶ ௤ା௣ of the equation  

satisfy | ଵ ଶ ௤ା௣ and of them are negative

Then all solutions of the difference equation 

has oscillatory solutions.



Draft of the proof:

a real negative root of

has a solution such that 

the solution is necessarily an oscillatory solution

Perron Theorem



Example:

Since:



Example (cont.):

has an oscillatory  solution.

Theorem 3



On this section, we will study the equation

According to Krisztin in Nonoscillation for functional differential 
equations of mixed type. J. Math. Anal. Appl. 245 (2000), 326–
345, the equation

is nonoscillatory if there exists   +
such that



Theorem 4:



Then

is nonoscillatory.



Draft of the proof:

By the continuity, there exist 0 such that



Example:

Since

Then the equation has a nonoscillatory solution.

is a nonoscillatory solution



Theorem 5:





Then

is nonoscillatory.



Draft of the proof:

has a maximum



Theorem 6:





Then

is nonoscillatory.



Draft of the proof:

has a minimum



Example:

Since

Then the equation has a nonoscillatory solution.

is a nonoscillatory

solution



Theorem 7:





If is an eventually positive solution of 

then



Draft of the proof:

is decreasing

Contradition



Theorem 8:





If is an eventually positive solution of 

then



Draft of the proof:

is increasing



Example:

Since

If the equation has a positive solution,

then 

is a positive solution



Let us to rewrite the equation as

where:

 and              are real sequences





Lemma:

 is a positive solution



Then satisfy the equation

where



Theorem 9:






Then, any solution
converge to zero.



Draft of the proof:

is a contraction                   has a fixed point



Theorem 10:







If all solution converge to zero 
then
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