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A differential system

Let us to considerer the differential system

n
X(n)(t) = ZAkx(n_k)(t—Tk), t=>0
k=1
where: CQ
The characteristic equation 1s
% nis even
n
%, A, are p-by-p real matrices AN = z A A K e~k
k=1

% 1, are positive real numbers, fork = 1,...,n




{ A differential equation ]

It 1s possible to prove that for

n
M) =) 4 A ke
k=1

The equation
n
xM(t) = z Apx ™ (¢t — 1), t>0
k=1

1s oscillatory if and only if

g [—u(-M), u(-MW)]



[ A differential equation J
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[ A differential equation J
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Oscillatory system

Theorem 1: Let n even. If

S o (Ak) < 0

( \

n n—1
G max{ A e AT Z p(Ag) — At A Z p(—Ag) 2 <1
k=2 k=1

A<0

\ k is evan k is_odd y

then
n
xM(t) = z Aex™ B — 1), t=>0
k=1

1s oscillatory.



[ Oscillatory system

Draft of the proof:
=0 —_— (M (0) =pu(A) <0
A>0 =_— (M <Z# (Ag) AP Re 2k < 0 < "
k=1
%<0 —_— HM(N)
- < 1 ﬂ
p(M(N) A N -
)\n < AT Y pu(Ag) - Z i
\ kisfva.n k odd
i
/A £
1 A —oco = |
\ lim f(3) = —co= lim_f(3




Oscillatory system

Example 1: () (¢) = A,2®) (¢ — 0,1) + Aga” (t — 72) + Asz’ (t — 73) + Agx (t — 0,4)

T 0,1<m,m3<0,4

S A= - _48 _110 ] p1 (A1) = max{—4,-9}=—-4
L Ag = ¢ ] p1(Az) = max{-5,—-1}=-1
2 —4 :
= The system is
-3 4 illat
v A= 0 0 ] p1(ds) = max{-3,-6} =3 pretutony
-5 3
L Ay = i g p1(A4) = max{-1,-3}=-1

) Y P R o N T R i ]



Oscillatory system

Theorem 2: Let n even. If
% forkeven p(Ar) <0
Y forkodd p(—Ag) <0

¢

T n
& max AT N (A) = AT e Y (Ag)
k=1 k=1

k k is evan kis odd

then
n
XW(©) = ) 4O - 1),
k=1

1s oscillatory.

A

p <1
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[ Oscillatory system

Draft of the proof:
=0 === p(M(0))=p(An) <0
<

<
Z 7 (Ak:) /\n—ke—)\'rk

A< == u(M(N)
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[ Oscillatory system J

Draft of the proof (continuation):

PG 4eY)

S <1 =3
1 (M) 3
% < AN p(Ap) + AT D p(Ag)
k=2 k=1
k kis evan k is odd /
Y
g (N
T~ Alir&g el = —s
/




Oscillatory system

Example 2: (4 HE Ayz® (t —1) + Axz” (t — 72) + Asx’ (t — 73) + Aqx (t — 0,25)
L 0,25< 1y, m3<1

S =g | mm() =L pe(A) =12

T _7 _3 The system is
© Ay = 9 _§ ] Boo (A2) = = oscillatory
(@ 1 ‘
L Az = 1 ] Uoo (A3) =1, poeo (—A3z) = —1/12
i —6 4
S A4 — - 1 0 ] Hoo (A4) = -2

—6AYe™ + 227 e M4 < 0,655185324



[ Nonoscillatory system J

p(—C) <0=det(C)>0;
if d is odd, n(C) <0=det(C) <0

n
X0 = ) 4O —1,)
k=1

1s nonoscillatory if and only if there exist a A, and A, such that

p(—=M(A\)) <=7 and p(M(Ag)) < A3



[ Nonoscillatory system J
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Nonoscillatory system

Theorem 4: Let n even. If
O opu(—Ar) <0 fork=1,...,n

then

n
XM = ) 40— 1,)
k=1

1s nonoscillatory independently of the delays.



[ Nonoscillatory system ]

Draft of the proof:

There exist a A, < 0 such that



[ Nonoscillatory system J

Draft of the proof:

L A>0 = u(M(N) <A™ p(Ap) A Fe

=

h ()

lim A(M\)=0"
A— 400

W72,

There exist a A, <0 such that h(A) <1 e (M (A2)) < A3



Nonoscillatory system

Example 4:
s (1) = Alw(S) (t — 1)+ Az” (t — 7)) + Aax’ (t — 73) + Agz (t — 74)

[ i 10 3 =2
e : As = 0O 5 1
Aj=11 4 -1 2
1 -9 7 | =3 1 & |
Poo (—A1) = =2 The system is Hoo (—A2) = —4
nonoscillatory

"2 0 —1] 8 3 2 ]

Ag = 1 6 0 A4 — -1 4 -1
0 4 9 0 0 1

= Hoo (_A4) = —1]



Nonoscillatory system

Theorem 5: Let n even.
% forkeven p(—Ag) <0

% forkodd p(Ag) <0

then

n
XM = ) 4O —1,)
k=1

1s nonoscillatory independently of the delays.



[ Nonoscillatory system J

Draft of the proof:
Q:} A<0 ﬂ
| n n—1
p(EMO) < X [ AT 37 (=) = 2T Y (- Ay)
=2 k=1

k even k ;ld

/ ¥
)

lim f(\) =—

A—0—

L

There exist a A; < 0 such that fA) < -1 === pu(=M(\)) = =21



[ Nonoscillatory system }

Draft of the proof:
LA>0 =3
n n—1
p(LQ) < A | AT ST p () + AT S (A
=4 g oad
PR ]
// .
i h(A)
§ lim h(A)=0"
I%i A—+oo | -

There exist a A, < 0 such that h(A) <1 === pu(M(A2)) <A



Nonoscillatory system

Example S:
7@ (1) = Az® (t — 1)+ Az” (t — 7)) + Aax’ (t — 73) + Agz (t — 74)
<= 1 =i | 6 0 8]
A = 0 -6 -1 As=|1 —4 0
3 2 =5 ] | 0 2 5
i1 (Ay) = =3 The system is sy {— g} = —2
nonoscillatory
-9 0 1 [ 18 —3 O ]
As=| -1 -1 0 Ag=1| 2 5 3
3 0 -2 | | 8 I b




Nonoscillatory system

Theorem 6: Let n even

G fork=1,...,1i p(—Ax) <0

Q{) fork:i+1, oo 7 (flk) & O

then
n
X(n) (t) = z Akx("_k) (t — Tk)
k=1

is nonoscillatory independently of the delays.



[ Nonoscillatory system J

Draft of the proof:
& a<o == A(=M(N)
i n
< AT (=AM p(—Ap) + 27" Y u(—Ag)
fre—100 k=i+1
| 3 kis evan k is evan -
' / i n—1
' _)\—ze—)\'r A )\—(?:-i—l)e—)\T A
% \ k isodd k'_s,?:a_gd j i
N Y
- fA)
lim f(A\) =—o0
A—0—

There exist a A; <0 such that

F) < —1 == p (=M (A1) < =AT



[ Nonoscillatory system ]

Draft of the proof:
b0 = |
7 (ﬂf (A)) < A" ()\_ie—AT Z m (Ak:) L )\—'(H—l)e—)\‘r Z 7 (Ak))
k=1 k=i+1

J | J
: Y

\.\ h(\)

N

N lim A (\) =0t

A——4o0

There exista A, <Osuchthat  h(\) <1 s p(M(Ag)) <AD



Nonoscillatory system

5 The system is
Example 6: %) (t) = Z Az ("R (t — 7%) nonoscillatory
k=1
5 1 0 ] T8 1 -2 Jm(A) =2
|0 2 -9 | = & = p1 (Az2)
-8 3 0 T3 2 17 m(4A3)=-1
Az = 1 -4 1 Ay = 0 -5 0 A)—
3 0 -2 _ 0 —6 p1 (Ag)= -2
A5 = 1 7 0 A = 0 4 9 P 5
2 0 8 12 6 p1(—As) = —
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