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> r i Introduction i 7 <

The first part of this work is dedicated at the oscillatory behavior of the mixed type

difference equation with varlable coefficients

m

Azx(n) Zp n)x(ri(n) —+—qu n) 1)), n > no,

where:
Y 1;(n) is the delay term % 6;(n) is the advance term
L o;(n) >0 L o) =2n+1

L ory(n)<n-—1

The results was developed with Nedjem E. Ramdani

and Ali Fuat yenicerioglu:
Yl Tiln) = e _ -,
International Journal of Dynamical Systems and

% p;(n) and q;(n) are real functions. \ Differential Equations D




> r i Introduction . T <

The second part of this work is dedicated at the oscillatory behavior of the mixed type

differential equation with variable coefficients

m

¢
2/ (t) = Zp,-,(t)f(n(f)) 4 Z g (t)z(oi(t)), t>to

where:

L ;(t) is the delay term
% Ti(t) >0
L o)<t

Q:} tEr-Ir-loo Ti(t) =+

% g;(t) is the advance term

Yoo () >t

% pi(t) and g;(t) are real functions
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The equation )

Ax(n) =) pix(n—i)+ Y qjx(n+ j)
i=1 j=I

was intoduced in J. M. Ferreira and S. Pinelas, Oscillatory mixed difference systems.
Aadv. Differ. Equ. 2006, 1-18 (2006), where it has established the oscillatory criteria

for the oscillatory behaviour of such equation.

This work is concerned with the behavior of the solutions of autonomous linear mixed type
difference equations and the results will be obtained via an appropriate positive real root of

the corresponding characteristic equation.
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The equation

sz n I?—Tz +ZQJ n n+03) n>0

has been adequately introduced in

L L. Berezansky and S. Pinelas, Oscillation Properties for a Scalar Linear Difference
Equation of Mixed Type, Math. Bohemica, (2016); 141(2): 169-182.

& S. Pinelas, Asymptotic Behavior of a Scalar Linear Difference Equation of Mixed

Equations, UPI Journal of Math. and Biostatistics, (2018); 1(1): 13-21.
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The equation

Ax(n) Zp (n)r(n —7;) n >0

has been studied in:

% R. D. Driver, G. Ladas and P. N. Vlahos; Asymptotic Behavior of a Linear Delay
Difference Equation, Proceedings of the American Mathematical Society, Vol. 115, No.
1, (1992), 105-112

& M. Pituk; The limits of the solutions of a nonautonomous linear delay difference

equation, Comput. Math. Appl. 42 (2001), 543-550
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The equation ¢

AAgn] = Zp.,;(n)ll'(n — T4) n >0
has been studied in: =
% Ch. G. Philos and I. K. Purnaras; An asymptotic result and a stability criterion for
linear nonautonomous delay difference equations, Arch. Math. (Basel) 83 (2004),
243-255
& Ch. G. Philos and |. K. Purnaras; Asymptotic behavior and stability to linear

nonautonomous neutral delay difference equations, J. Differ. Equations Appl. 11

(2005), 503-513
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A particular case of the equation

Ax(n) Zp n)r(n — 7 —I—qu (n)ex(n+0j), n=>0

is the linear autonomous mlxed type difference equatlon

m
Ax(n) Zp? n—1 +Zq1 (n+7)
& J. M. Ferreiraand S. Plnelas, Oscnlatory mlxed dlfference systems, Advances in
Difference Equations, (2006) 1-18.
S A. F. Yenicerioglu, S. Pinelas, and Y. Yan; On the behavior of the solutions for linear
autonomous mixed type dierence equation, Rend. Circ. Mat. Palermo II.,

Ser 69, 787-801 (2020).
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A solution of the equation

sz n)r(n —7; —i—qu (n)e(n+0j), n=>0

is said to be nonoscillatory if it is either eventually positive or eventually negative.
Otherwise it is oscillatory.

An equation is called oscillatory if all its solutions are oscillatory.
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Theorem 1

Let p;(n) and g;(n) non negative sequences. If

o(n)—1
n) = min
o(n) = 1<3<m01 ”) lim sup Z Q(k 7(n) = min 7;(n)
. n—oo | 7 (n)

E pz n 7'2 n -|- E qJ n crz n

then

is oscillatory.
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Proof

4 m
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Corollary

Let p;(n) and q;(n) non negative sequences. If
m n+p—1

limsup)j >: qi(k) >1

S i e

sz n)r(n — 7 —}—Z(b n)r(n+o;).

then

is oscillatory.



Example 7
Ar(n) =x(n—1)+x(n—2)+ =l r(n?+1)+ 241 r(n?+2)
B o 3ln(n 4+ 2)n+27 3In(n + 2)nt2" & ]
m1(n) Ta(n) o1(n) o2(n)
Emmy 7(n)= min 7;(n) = n—2

1<i<2

o(n)—1

lim sup Z Qk)>17?

n=®  k=1(n)

Emmm) O(n) = min oj(n)= n® +1

1<j<2

n?

—_— f: Q)= ) (111(/&:12)’“*2)
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Example (cont.) 3 C1
Z QK Z (ln(k—I—Q)k“) =il e

k=n—1 k=n—1

n n k+1 i
c1 ds In(n* + 3)
> B =y 1
;1(1n<k+2>k+2) _ - Z/k In(s + 2)+D “(1n<n+1))

n n k
1 ds lll(n2 + 2)
< ¢ =1
Zl(ln(kw)m) < a f L In(s +2)6+) “( In(n) )
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Example (cont.)

, In(n? + 2) _ In(n? + 3) e
nlgl;o ¢y In ( ) ) = nlglgo ¢y In ( nnt1) )~ c11n(2) = ) =

nQ
£
lim s E k)y=—=>1
Emm) limsup Q(k) 5 >

Emm=) By Theorem 1, all solutions of equation oscillate!
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Theorem 2

Let p;(n) and q;(n) non negative sequences. If

( oj(n)—1
oc(n) = min o; _
1<_7<m / lim sup E Q(k 7(n) = min 7;(n)

n— oo 1<s %l
then

4

Azin) = E pi(n)e(r;(n)) + E qj(n)x(o;(n)
=1

Is oscillatory.
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Proof
1+0;(n)—n b
P oi(n) —n 1 . 1
() = (1 +0j(n) — n) — 4 < e5(n) < e % Q A
2
ogj(n)—1 ogj(n)—1 1
lim sup Z Q(k — Q(k) > = + ¢
n— oo €
k=n
. . x(7i(n)) t(oi(n))
x(n) is increasing = | 2 3 |
r(n+1) — c(n+1) —
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Proof (cont)

oj(n)—1

x(n) x(k) x(n)
= — < (1-Q(k))

x(oj(n)) g x(k+1) x(oj(n)) kl;[n

Inequality of arithmetic o | { oj(n)—1 i

and geometric means — r(n) = fl—= oi(n) — n Z Q(k)

S | - k=n
pp

(1 — 21)P |
y(l—y)F < 1+ p)ie’ vy € (0,1), peN ﬁ




> r D?fference Equati:n T <

Proof (cont)

r(o(n) Q)
r(n) - kz:;,, cj(n) S — x(n) -
On the other hand...
0 < r(n) :1_i) (n)l Ti(n —Zm:(-(n)l oi(n))
r(n+1) z:lh r(n + = b n—+1 j
t(o(n) - x(o(n))
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Proof (cont)

lim# (n) = 400 —— e UG, < ~ ot - < 400
r(f(n n))  C
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Corollary

Let p;(n) and q;(n) non negative sequences. If

m n+o;—1

lim inf E E q; (A —
n— o0 €

1=1 k=n—7;
then

sz n 11—7‘14—2(13 n)r(n+oj).

is oscillatory
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Example

llll

Azin) =

2 1 4
r(n—1)+ -x(n—4) + —1( +1)+ r—e‘zr(n + 3)
3 Se | /

71 ( n) ) (n) g1 ( ‘n..) g9 (n)

culr—k

o1(n) =n+1, 0'2(71) =n+3

- 1 oj(n)—1
1 f E

o0 Qk e lim sup Z Q(k
—— Z -

By Theorem 2, all solutions of equation oscillate!
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Theorem 3

Let p;(n) and g;(n) non positive sequences. If

(n) = min ai(n) ESH
o(n) = min o;(n :
1<j<m lim sup Z P(k) < —1. 7(n) = min 7;(n)
n— 00 k—r(n) - 1<i<l

then

l
Azx(n) = E pi(n)x(ti(n)) + E qj(n)x(o;(n)
1—1

is oscillatory.
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Corollary

Let p;(n) and q;(n) non positive sequences. If

£ n+p—1
1imsup$: Sj pilk) < —1
=0 =1 k=n—p
then
¢
Azx(n) = sz(n n—rT;)+ Z qj(n)x(n + ;).
=1

is oscillatory.
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Example 2]n2
Ax(n) = —;—ZJ'([O.Sn]) — ?3—(;121 ([720‘5]) —z(n+1) —2z(n* + 2)
S A
71(n) T2(n) o1(n) oa(n)

o(n)—1
lim inf Z Pk)<-17?

n—oo
k:T(n)
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Example (cont.) Z (_:2) o1 ?

k=[0.5n]
n k+1
o> [ T2- 3 2wy [T
—[0.5n] Y k-1 ° k=[0.5n] i k=[0.5n]
’ - Co l - 3
lim | — Z = —c..21112——5<—1

n— oo L - 7
| k=[0.5n] l

By Theorem 3, all solutions of equation oscillate!
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Theorem 4

Let p;(n) and g;(n) non positive sequences. If

o(n)= min o;(n) 1
1Sjéy/ lim inf Z P(k) < ——
n— 00 €

k=7i(n)

Epz n ’rz n —|—E qJ n cfZ n

T(n) = 1lgzll<ll 7i(n)

then

is oscillatory.
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Corollary

Let p;(n) and q;(n) non positive sequences. If

lim inf S‘ Y pi(k) < —1)

n— oo
i=1 k=n—T1;

sz n)x(n — 7; +Zq3 n)r(n+oj).

then

is oscillatory.
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Example
Ai(n) = —g-a(n—1) = a(n—2) = a(n+1) = eln +5)
L L T
T1(n) T2(n) o1(n) oa(n)

==y 7 (n)=n—1, nn)=n—2

7 1

] g

— lél_l)lcgf Z P(k o 4 -
—n 1

E==p |im inf Z P(k _; < t

n—oo A—— 3)6, e

ﬁ By Theorem 4, all solutions of equation oscillate!
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Lets now to considerer a particular case of the difference equation with constant coefficients:

¢ m
Ax(n) = Z pix(n—1)+ qu',r(ll ant |
=) =1
where:

3 p; and q; are real numbers,

o5 £ and m are positive integers

©3 Ax(n) = x(n+ 1) — x(n) is the forward operator
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The characteristic equation is given by

m
1l =A— Zp,jk_i — Zc]jkj
j=1

j=1]

We say that the characteristic equation has the Property A if

1
(o) = — 4
A0

[

\

4

>,

=l

m
ipilAg’ + ) Jlaj| A
j=1

'

< 1
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Theorem 1: Let A, be a positive real root of the characteristic equation with the

Property A. p .
I

) A(h0) = Y ipidg' — quf)“é

Then, for any ¢

. b L(2o; ¢)
Am, o> ] = 57550
[ (X /-
L(Ao; @) = ¢(0) + o IZ Piky' (Z ¢(S)KES)
ji=] S=—I
m j—1

I
8
~
S
O
<
o
)
p—
P
< |
A
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Theorem 2: Let A, be a positive real root of the characteristic equation with the

Property A. I : Com .
m—  Alro) = o Y iping' =Y jajii
Then, for any ¢ = =

lx(m)| < N(2o) | ¢ || 2g
Moreover, the solution of th

ixed type difference equation

4 m
I EAA ol * i
R W) e (TS0}

% i=1 I+ B(0) j= / I+ B(20)
Is:
I.  uniformly stable if A, =1

gal 5=
ji.  uniformly asymptotically stable if 1, < 1 K(*0) = max{i;, 1™}
lii. unstable 1, > 1
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Lemma: Let r = max{¢f, m}.

— - (rH) +iq,(+ )->0
— %_;Pi(r;l) —;‘Ij( )

r+ 1 " r+1)\/"!
i g ; <1
[— lep ( ) +Zj|(]]|( p ) <
Then, in the interval (: T) the characterlstlc equatlon

1l =A— Zp,k_' qukj

=1 =
has a unique positive root A, , and this root satisfies the Property A.
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Proof: Define i r r+1
FA)=A—-1-— A A A € :
@) gp, zq, |
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Proof:
Py =1+ Y ipi me !

i= 1

m
51 —Zzlpz A=) g
J=d
£ . —i—1 m i1
- ! . r—+1
>1—Zzlpil(r+l) —JZ_;JI%‘I( p ) > ()

i=l1

£ . i+1 m ) ji—1
: r+1 : r+1 ’
Z’|Pi|( ) +21|q1|( : ) <1
i=1 d = !
mmmmmp Ihen F is incresing
r r+l1

mmm=) [ (1) =0 hasan unique solution in the interval (— —)

1" r
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Proof:
¢

v Zilpflka‘ +ZJ"Qj|A0

=1 ji=1

-

¢ m
=Zi|p,-|xa“‘+21}qjlké“
j=1
—i—1 m f—1
. 4+ 1)/
<Z’|Pt (?) +Z]|Qj|(,r ) <1.
j=1

')Hsl J

14

. 1YY o r+
Z:Ipll( . ) +;J|Cb|( .

i=l1
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Corollary: Letr—ﬂm} ( ) _I_qu( - ).>0
— %—z?m(,..:,) L () -0
—_— qu,( l)ijJrZqu,I(rfl) <1

m

Then the solution of the equatlon Ax(n) = Z pi x(n — i)+ qu“‘(" + /)
=l J=lI

IS:
¢

» asymptotically stable if Z pi + Zq i <0

i=l1 j=I
> unstable if ZP:‘ + qu' >0
=1 §=1
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Example 1: 2

[\ 2 1\ /+1
Ax(n) = Z(—4) x(n—i)+2(—4) x(n+ )
j=1

i=1

) )+ 12001602 +44—-1=0

- Ay = —13.2324, A3 =0.1162 + 0.2491i, A4 = 0.1162 — 0.2491i

mmm=) By the Theorem 2, the solution is uniformly stable



= r Difference Equation | —

Example 2: 1 1
Ax(n) = —gx(n —1)— Zx(n + 1)

!

452 — 361 +4=0
—— A = % m===) Don't verify the Property A

2

) A = 3 mmmm) Verify the Property A

mmmm) By the Theorem 2, the solution uniformly asymptotically stable

m===p By the Corollary =) r=1and > ;_, pi+Y 7 19i=—5—3<0

mm==) The solution uniformly asymptotically stable
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Recalling the mixed type differential equation with variable coefficients
¢

() = Y p®a(m(t) + D (Da(oit), t>to

1—1

where:

L ;(t) is the delay term
L o7;(t) >0 % g;(¢) is the advance term

L o)<t Yoo () >t
Q:} tEr-Ir-loo Ti(t) =+

% pi(t) and g;(t) are real functions
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Theorem 1

Let p;(-) and gq;(-) non negative sequences. If

o(n)—1 o(t)
lim sup Z Q(:lim sup Q(s)ds > 1
e o i) t— 00 (t)

then

2 (t) = _pra(t)af(nu)) + Z gj (t)x(oi(t))a))

is oscillatory.
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Theorem 3

Let p;(-) and gq;(-) non positive sequences. If

o(n)— o(t)
lim sup Z P(k) <dimsup / P(s)ds < —1

n— oo k=7 (n) t— 400 (t)

¢ m
- sz-(l‘)l'(n(t)) + Z q;(t)x(oi(t

then

is oscillatory.



Theorem 2

proof | - | ':‘ - -
Letpi() and q —n " M (7 20 Q) S >0
___(_T_LLH—J—"‘/ 08t -i ‘?%??‘\2.\' k’" 2 (‘j(”)
'J(”) “\1+o0;n)~ " :%%;('(5};. f@%f.‘i:g | | k=n
Tedeih ; (n)NFeY ‘«
o1 g > o)
lim sup Z Qk) = ‘.;ékﬁn )
n—r00 k=n ,-(T-(rl)):,i-".;"'- i‘(f;l_r(_“,.l_) Z 1
AU SRR p(nt
e ing E— (4 1f"..€?"-§' ! " .
then x(n) is increasing LT ¢(7i(n)) z(o5(n)

is oscillatory.
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